Abstract-In this paper, analytical performance results for space-time trellis codes over Rayleigh fading channels are presented. Bit error probability estimates are obtained, based on the derivation of an exact pairwise error probability expression through residue technique combined with characteristic function approach. We investigate both quasi-static and interleaved channels as well as the effect of spatial fading correlation on the performance of space-time codes in both channels. Simulation results are also included to confirm the accuracy of analytical estimates.
I. INTRODUCTION
Space-time trellis coding [1] has been proposed as an effective approach to support high data rate transmission over fading channels. This technique integrates channel coding, modulation and multiple transmit antennas with optional receive diversity and is able to exploit the full diversity promised by the multiple-input, multiple-output (MIMO) systems. Since its introduction, a significant amount of work has been published on the design, decoding and applications of this new family of codes. A few to name from this vast literature are [2] [3] [4] [5] . However, less attention has been paid on the analytical performance analysis of space-time coding. In the original work [1] , performance criteria for space-time codes have been derived based on an upper bound on the pairwise error probability (PEP) for both quasi-static flat fading channels, where the path gains are assumed to be constant during a frame, and for symbol-by-symbol ideally interleaved channels (this case is defined as "fast fading" in [1] ), where the path gains are assumed to remain constant for one symbol interval. For the latter case, the authors have derived an exact PEP [6] by making the use of the residue technique combined with characteristic function approach in [7] [8] , which was used previously in the performance analysis of trellis coded modulation (TCM). Those results essentially constitute a generalization of the technique in [8] for the multiple-transmit and multiple-receive antenna case. Based on the derived PEP, [6] also demonstrates approximate analytical bit error probability performance results for spacetime trellis codes over interleaved channels. Extensions as to investigate the effect of spatial fading correlation and multiple access interference on the performance are further reported in [9] , [10] .
In this paper, we extend our approach as to accommodate temporally correlated fading channels, where our previous results in [6] , [9] turn out to be special cases. This also allows us to investigate quasi-static case (i.e. 100% temporally correlated), which is the primary application area of spacetime trellis codes.
Our PEP derivation is through residue method based on the characteristic function of the quadratic form of complex Gaussian random variables [11] . The result in [11] allows the derivation of the characteristic function for the more general case unlike , which is restricted to a scalar form. Based on the new PEP, this paper provides analytical results for the performance evaluation of space-time coded systems over spatially-correlated/uncorrelated quasi-static channels as well as interleaved channels. Due to the form of the exact expression of PEP, it does not lend itself to the utilization of classical transfer function bounding techniques. Therefore, an estimate of the bit error probability is obtained by taking into account error events up to a finite length, which actually represents the truncation of the infinite series used in calculating the union bound.
II. SYSTEM MODEL
We consider a wireless communication scenario, where the base station is equipped with M transmit antennas and the mobile unit is equipped with N receive antennas. The binary data stream is first modulated and mapped to a sequence of complex modulation symbols. The modulated sequence is then fed to the space-time encoder.
At the receiver, the received signal is passed to a matched filter having an impulse response with a scaling factor 0 1 N [8] , where N 0 is the noise power at the receiver. The output of the matched filter is then sampled at each signaling interval to produce, , which also represents the signal-to-noise ratio (SNR) of the system.
we can write the received signal in matrix notation as
The maximum likelihood receiver depends on the minimization of the metric defined as in [1] 
or equivalently,
assuming coherent detection with perfect channel state information.
III. DERIVATION OF PAIRWISE ERROR PROBABILITY
The pairwise error probability ( )
, which represents the probability of choosing the coded sequence X when indeed X was transmitted, is given by,
where D is defined as
The pairwise error probability is computed as [7] - [8] , 
The characteristic function of D is given as [11] , § Throughout the paper, we use (.) T and (.) H to represent transpose and conjugate operations, respectively. Bold face letters are used to denote matrices. 
IV. CASE STUDIES
In this section, we investigate four different cases, namely, symbol-by-symbol interleaved channel, spatially-correlated interleaved channel, quasi-static channel and spatiallycorrelated quasi-static channel.
A. Symbol-by-Symbol Interleaved Channel
We assume the fading coefficients are constant over one symbol interval and change from one symbol to another independently. Such an assumption can be justified by the use of perfect interleaving. This is the case called as "fast fading" in [1] and also investigated in [6] . It is also assumed that the fading coefficients across transmit/receive antenna pairs are independent. For this special case, In this case, the inner term in the determinant of (9) reduces to a form 
where Ω is the set of time instances where the transmitted and decoded sequences differ and Ω stands for the number of elements in the set Ω. Equation (13) was previously obtained in [6] starting from the scalar form of quadratic form given in [7] . As emphasized in [6] , the first product term in (13) is the upper bound in [1] . In other words, the exact pairwise error event probability is the upper bound derived in [1] modified by a correction factor given by the second product term whose value depends on the poles of ( )
. From another point of view, (13) constitutes a generalization of the result in [8] for the multiple transmit/receive antenna case. The form of (13) also reveals maximum diversity order (i.e. slope of the performance curve) which can be achieved for a space-time trellis coded system over interleaved channel: At large signalto-noise ratios the error performance curve is dominated by the shortest error events. Denoting Ω′ as the length of the shortest error event, the error performance curve will vary with ( )
asymptotically. The length of shortest error events can be defined as effective code length (ECL) using a similar terminology to [12] . Therefore, the product of the number of receive antennas and the ECL of the underlying trellis code (i.e. N Ω′ ) determines the diversity order. It is also observed from (13) that the use of multiple transmit antennas only manifests itself as an increase in the product distance, which affects the coding gain (i.e. horizantal shift in the performance curve), but not the diversity order.
B. Spatially Correlated Interleaved Channel
In this section, we investigate the effect of spatial correlation over interleaved channel. Spatial correlation, in general, is assumed to be zero under the assumption that the antennas experience independent fading. However, there may exist situations where insufficient antenna spacing and lack of scattering cause the antennas to be correlated. Here we focus on the spatial correlation between the transmit antennas.. Independency across receive antennas is still assumed. Since symbol-by-symbol interleaving guarantees temporal independency, 
where ( )
is the spatial correlation factor. Therefore, the characteristic function also preserves the form of (13) 
C. Quasi-Static Channel
Now, we assume that the channel fading coefficients remain constant over one frame (i.e. a number of symbols) and change from one frame to another independently. Such a channel model is especially useful for fixed wireless applications. We also assume that the fading coefficients across transmit/receive antenna pairs are independent. For this case, the elements of n Since n S C is not a diaogonal matrix anymore due to the introduced temporal correlation between fading coefficients, it is not possible to derive a similar form to (13) . The general formula given by (9) should be used instead. Since the channel coefficients across receive antennas are assumed to be independent, (9) can be rewritten as 
D. Spatially Correlated Quasi-Static Channel
Now we remove the assumption that the fading gains between transmit antennas are independent. Independency of receive antennas is still assumed. For this case, the elements in n S C , i.e. (i.e. no spatial correlation) in the above, we obtain (16) which is derived for spatially independent quasi-static case.
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V. BIT ERROR PROBABILITY PERFORMANCE
It is obvious that the pairwise error probability is not the main issue in performance evaluation of a digital communication system. In the case that the pairwise error probability can be expressed in a product form, it is possible to find an upper bound on the bit error probability by using the transfer function approach. Here, however, the pairwise error probability is given in terms of a residue computation and, therefore, does not lend itself to the utilization of classical transfer function upper bounding techniques. Thus, instead of using transfer function approach which implicitly takes into account error events of all lengths, an estimation of bit error probability can be obtained through accounting for error event paths of lengths up to a pre-determined specific value as follows [8] ,
where b is the number of input bits per trellis transition and
is the number of bit errors associated with each error event. If the maximum length of error events taken into account is chosen as v, it is sufficient to consider the error events of length up to v; this represents a truncation of the infinite series used in calculating the union bound on the bit error probability.
The choice of v is critical in the sense that most of the dominant error events for the SNR range of interest should be taken into account by a proper choice while preventing excessive computational complexity, which grows roughly in an exponential manner with v. The choice of v can be made considering the properties of the code under investigation;. The performance is mainly dominated by the error events that diverge from the correct path with the smallest number of symbols at non-zero Euclidean distances (i.e. the shortest error events). Therefore, at least the error events with ECL should be taken into account to obtain a sufficient estimate. Besides ECL, the distribution of error events may also affect the overall bit error probability performance. For spatially correlated case, the choice of v should be made in such a way that at least non-orthogonal error events of the shortest length should be taken into account. Otherwise, it is not possible to observe the correlation effect through just considering orthogonal error events. It should be mentioned that the shortest length of non-orthogonal events may be higher than ECL of the code. As a final note, it should be emphasized that (18) does not provide an upper bound on the bit error probability. The actual results or the simulation results can be lower or higher than the approximation [13] .
V. EXAMPLES
We evaluate the bit error performance of 4-state and 16-state QPSK space-time codes proposed in [1] as examples. First we consider the interleaved Rayleigh fading channel using the exact PEP expressions given by (13) . The analytical estimates of bit error probability taking into account the error events up to length v=2, 3 and 4 are plotted in Fig.1 for the 4-state space-time code. Two different cases corresponding to the use of single or two receive antennas are considered. The simulation results are also superimposed (as dashed circle line) in the figure for comparison purposes. It is clearly seen that the simulation results agree very well with the analytical estimates. We should note that ECL of this code is 2. Fig.1 also shows that v=2 provides satisfactory results indicating that most of the dominant error events at the SNR of interest are included. It should be further emphasized that all the estimates, each computed based on different v values, converge for asymptotically high SNR values. These estimates essentially represent a truncation of the infinite series used in calculating the union bound on the bit error probability. Therefore, if we could take into account all error events (i.e.
∞ → v
), an upper bound would be obtained. The convergence of our estimates even at very small values v shows that the convergence to the union upper bound is quite fast for interleaved channel.
As a second example, the analytical estimates for 16-state space-time code with the corresponding simulation results are shown in the Fig.2 . ECL of this code is 3 (i.e. it does not have any error events of length 2). The analytical estimates up to length v=3 and 4 are considered. As in the previous example, analytical estimates agree well with the simulation results and converge for asymptotically high SNR values regardless of v value.
In Fig.3 and Fig.4 , we investigate the same codes' performance over quasi-static Rayleigh fading channel. Similar to the previous figures, we consider analytical estimates up to v=4. The estimates provide good matches to simulation results taking into account only a reasonably small number of error events. However, it should be noted that the convergence of estimates to union upper bound is slower compared to interleaved channel. This also points out that union bound becomes more loose for a quasi-static channel although it gives very tight upper bounds for interleaved channel.
Comparison of Fig.1 and Fig.3 reveals out that 4-state code gives the same diversity order regardless of the use of interleaving. There is only a small coding gain obtained by the use of interleaving. This can be easily explained based on the code parameters: As shown by (13) , the diversity order is determined by N Ω′ . Since ECL of this code is 2, the diversity order is achieved as 2 assuming one receive antenna is used. As indicated before, the use of multiple transmit antennas does not affect the diversity order over the interleaved channel. On the other hand, for quasi-static case, the diversity order is determined by γN. Since the codes under investigation are designed as to provide full diversity [1] , γ is equal to the number of transmit antennas. Therefore, the diversity order is achieved as 2, giving the same order as over the interleaved channel. This is as a result of the fact that ECL is equal to the number of transmit antennas for this specific example. On the other hand, comparison of Fig. 2 and Fig. 4 shows that 16-state code achieves a diversity order of N Ω′ =3 over interleaved channel while it is only able to achieve a diversity order γN=2 over quasi-static channel, where γ is limited by the transmit antenna number.
In the evaluation of the performance comparisons over quasi-static vs. interleaved channels, it must be stated that interleaved channel stands for a very idealistic environment.
A practical system would suffer high delays due to the interleaving/deinterleaving especially for very slow fading channels. Furthermore, the assumption of perfect channel state information may be difficult to achieve when the channel gains change in each symbol interval. This may further deteriorate the performance compared to a slow fading or quasi-static scenario where more reliable channel estimation is achieved. However, our analysis of these two limiting cases helps to understand better the inner mechanisms of space-time codes.
In the following, we focus on the effect of spatial correlation based on our results in IV.B. and IV.D. 4-state code is considered as an example. Analytical estimates for various values of spatial correlation are shown in Fig.5 and result in about 0.5 and 2 dB loss. In both cases, the diversity order, therefore the slope of the curve is preserved. When ρ increases to 1, diversity order is reduced to 1, as it can be easily observed from the slope of curve in Fig.6 . We plot two analytical estimates for this correlation value. One of them is based on the error events with length 3 as for the other values of correlation. However, in the fully correlated case since some of the error events of length 3 reduce to length 2, which are not orthogonal, (recall that all length-2 error events of the code under investigation are orthogonal), we can also obtain an estimate just based on the events with length 2 for this special case. This estimate is also plotted and seen to provide a better estimate to the corresponding simulation result .
VI. CONCLUSION In this paper, we provide analytical tools for the evaluation of space-time trellis codes operating over Rayleigh fading channels. First, an exact expression of PEP is derived for space-time codes, which essentially constitutes an extension of our previous results in [6] - [9] limited to symbol-by-symbol interleaved channels. The new results allow us to also investigate the quasi-static case, which is the primary application area of space-time codes. The effect of spatial effect correlation is further investigated as a case study. Based on the derived PEP, analytical estimates for bit error probability are computed, taking into account a small number of error events. Simulation results demonstrate that the estimates are of high accuracy in the SNR range of interest. 
